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(Co)Homology theories for oriented algebras
Juan Carlos Bustamante, Julie Dionne, and David Smith
Abstrat. We study three dierent (o)homology theories for a family of
pullbaks of algebras that we all oriented. We obtain a Mayer Vietoris long
exat sequene of Hohshild and yli homology and ohomology groups for
these algebras. We give examples showing that our sequene for Hohshild
ohomology groups is dierent from the known ones. In ase the algebras are
given by quiver and relations, and that the simpliial homology and ohomol-
ogy groups are dened, we obtain a similar result in a slightly wider ontext.
Finally we also study the fundamental groups of the bound quivers involved
in the pullbaks.
Introdution
Let k be a eld and R be an assoiative k-algebra with unit. Given an R−R-
bimodule RMR, or equivalently a right (or left) module over the enveloping al-
gebra Re := R ⊗k R
op
, the Hohshild homology and ohomology groups of R
with oeients in MRe are the groups Hn(R,M) = Tor
Re
n (M,R) and H
n(R,M) =
ExtnRe(R,M), respetively. In ase RMR =RRR we simply write Hn(R), and H
n(R).
The low dimensional ohomologial groups Hi(R) (that is i ≤ 2) have lear
lassial interpretations in terms of the enter, the derivations or the extensions of
R. Besides this, these groups also play an important role in representation theory
of algebras: the rigidity properties of R are losely related to H2(R) and H3(R),
whereas H1(R) gives information about the simple onnetedness of R, and there
are links between the vanishing of H1(R) and H2(R) and the representation type
of R. Unfortunately, the groups Hi(R) are not easy to ompute in general. There
are some long exat sequenes allowing to perform omputations in some ases, see
[9, 23, 13, 14, 2℄.
The main motivation for this work is to ompute the Hohshild ohomology
groups of the pullbak R of two morphisms of k-algebras A1 → C ← A2. However,
as Examples 1.2.1 show, there is no easy immediate relation between the Hohshild
ohomology groups of the algebras R,A1, A2 and C. Thus, we impose additional
hypotheses on the morphisms above, and obtain a Mayer-Vietoris-like long exat
sequene of Hohshild (o)homology groups of what we all oriented algebras.
While doing so, one an see that using the same tehniques it is possible to obtain
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analogous results about yli (o)homology as well as for simpliial (o)homology
groups of algebras (if they are dened) and fundamental groups of the involved
bound quivers, if the algebras are given in this way. This paper is organised as
follows:
In Setion 1 we reall some basi onstrutions related to bound quivers, and
algebras given by the latter. We then dene oriented algebras, give some examples,
and make some preliminary observations.
Setion 2 is devoted to Hohshild (o)homology. After realling the basi
denitions we establish the existene of two long exat sequenes of Hohshild
homology and ohomology groups, in Theorems 2.2.3 and 2.3.2. Moreover, we
show that the morphisms involved in the ohomologial sequene are ompatible
with the Gerstenhaber algebra struture of H∗(R) :=
⊕
i≥0 H
i(R). The remaining
part of this setion is devoted to speialize our results to the ase where the algebra
C is what we all a ore algebra, and, on the other hand, to ompare the long exat
sequene of Theorem 2.3.2 with the known long exat sequenes of Hohshild
ohomology groups of [9, 23, 13, 14, 2℄.
In Setion 3, again, after realling some onstrutions, we establish the exis-
tene of long exat sequenes of yli homology and ohomology groups, in Theo-
rems 3.3.5 and 3.3.8. Moreover, we show that these sequenes are ompatible with
Connes' long exat sequenes relating Hohshild and yli (o)homology groups.
Finally, in Setion 4 we turn our attention to algebras given by bound quivers,
and, more preisely to algebras having semi-normed basis. The existene of suh
basis allows to dene the simpliial (o)homology groups of algebras, following [21℄.
In the same avor of the previous parts of this paper, but with weaker hypotheses,
we establish the existene of long exat sequenes of simpliial (o)homology groups,
in Propositions 4.1.1 and 4.1.2. We then onsider fundamental groups of bound
quivers, and obtain an expliit formula that allows to ompute them in a ontext
whih is slightly dierent from that of the oriented pullbaks.
1. Preliminaries
1.1. Algebras and quivers. Throughout this paper, k denotes a ommuta-
tive eld and all algebras are assoiative k-algebras with unit. Tensor produts
are taken over k unless otherwise stated, so ⊗ = ⊗k. Let R
op
be the opposite
algebra of R, and denote by Re its enveloping algebra R ⊗ Rop of R. We shall
freely use the fat that the ategory of R-bimodules is equivalent to the ategory
of right (or left) Re-modules: given a R-bimodule M , dene the right Re-struture
by m(a⊗ b) = bma (and the left Re-struture by (a⊗ b)m = amb).
A (nite) quiver is a quadruple Q = (Q0, Q1, s, t), where Q0 and Q1 are two
(nite) sets, respetively alled the set of verties and the set of arrows, and
s and t are two maps from Q1 to Q0 assoiating to eah arrow its soure and its
target, respetively. A quiver Q is onneted if its underlying graph is onneted.
A path on length n is a sequene of n arrows ω = α1α2 · · ·αn suh that
t(αi) = s(αi+1) for eah i, with 1 ≤ i ≤ n− 1. The soure of suh a path is s(α1),
and its target is t(αn). Also, to eah vertex x of Q, we assoiate the stationary
path εx, whose length is 0, and whose soure and target are x. An oriented yle
is a path ω = α1α2 · · ·αn of length at least one, suh that s(α1) = t(αn).
The path algebra kQ is the k-vetor spae having as basis the set of all paths
inQ endowed with the following multipliation: let ω1 and ω2 be two basis elements,
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then ω1ω2 is their omposition if t(ω1) = s(ω2), and 0 otherwise. A relation from
x to y, with x, y ∈ Q0, is a linear ombination ρ =
∑r
i=1 λiωi where, for eah i,
ωi is a path of length at least two from x to y in Q and λi ∈ k \ {0}. Let F
be the two-sided ideal of kQ generated by all the arrows of Q. An ideal I of kQ
is admissible if there exists m ≥ 2 suh that Fm ⊆ I ⊆ F 2. In this ase, the
pair (Q, I) is alled a bound quiver. The algebra kQ/I is basi, onneted (if
so is Q), and nite dimensional (if Q is nite). By abuse of notation, we simply
denote the primitive pairwise orthogonal idempotents εx+ I of kQ/I by εx, so that
1kQ/I =
∑
x∈Q0
εx.
Conversely, for every nite dimensional, onneted and basi algebra A over an
algebraially losed eld k, there exists a unique onneted quiver Q and surjetive
maps ν : kQ → A with I = Ker ν admissible (see [4℄). The pair (Q, I) is alled a
presentation of A. Following [4℄, any basi algebra A = kQ/I an equivalently be
regarded as a loally bounded k-ategory having as objet lass the set A0 = Q0 and
as morphism set from x to y the k-vetor spae A(x, y) = εxAεy. In what follows,
we use both terminologies, and pass from one to the other freely. A subategory
B of A is alled full if, for all x, y ∈ B0, we have B(x, y) = A(x, y), and onvex if
any vertex whih lies on a path in Q having its soure and target in B0 also belongs
to B0. Note that onvexity does not imply fullness.
1.2. Pullbaks. Let f1 : A1 → C and f2 : A2 → C be two surjetive mor-
phisms of k-algebras. Then the set R = {(a1, a2) ∈ A1 × A2| f1(a1) = f2(a2)},
endowed with the natural operations beomes a k-algebra, whih is in fat the pull-
bak of f1 and f2. As Examples 1.2.1 below show, one annot hope to have a diret
relation between the Hohshild ohomology groups of R, A1, A2, and C in general.
In [17℄, a speial kind of pullbaks has been onsidered: assume that 1A1 = u
′
1+
u′′1 , 1A2 = u
′
2+ u
′′
2 and that there exists an isomorphism A1/ < u
′
1 >≃ A2/ < u
′
2 >
sending the image of u′′1 under the projetion, to the image of u
′′
2 . Let C be this
ommon quotient, f1 and f2 the projetions, and, as above, R be the pullbak of f1
and f2. In R, let e
′
1 = (u
′
1, 0), e
′
2 = (0, u
′
2), and e = (u
′′
1 , u
′′
2). A diret omputation
shows that e′1Re
′
2 = e
′
2Re
′
1 = 0 and that 1R = e
′
1 + e+ e
′
2. In [17℄ one an nd the
detailed onstrution of the quiver of R from those of A1, A2 and C.
Examples 1.2.1.
(a) Let A1 and A2 = A
op
1 be the hereditary algebras given by the quivers
1
α
// 2 and 1 2
β
oo
, respetively. Moreover, let C be the semi-
simple algebra generated by the verties 1 and 2, and, for i ∈ {1, 2} let
fi : Ai → C be the projetions. The pullbak R is then the bound quiver
algebra given by the quiver 1
α
//
2
β
oo
with relations αβ = 0 = βα. For
eah n > 0, we have Hn(R) 6= 0 by [8, (p. 96)℄, while Hn(A1) = H
n(A2) =
Hn(C) = 0.
(b) Let R be the algebra given by the quiver
2
β

==
=
1
α @@
3
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
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δ
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bounded by the ideal generated by all paths of length two. Let A1 and
A2 be full subategories of R generated by the sets of verties {1, 2, 4},
and {2, 3, 4} respetively. Then, R is the pullbak of the projetions of
A1 and A2 over the semisimple algebra C generated by the verties 1 and
3. By setting e = ε2 + ε4, e
′
1 = ε1 and e
′
2 = ε3, it is easily seen that
1R = e
′
1 + e+ e
′
2 and e
′
1Re
′
2 = 0 = e
′
2Re
′
1.
Again, as in the previous example, we get from [8, (p. 96)℄ that Hn(R) 6= 0
for innitely many n > 0, while Hn(A1) = H
n(A2) = H
n(C) = 0 for eah
n > 0. In fat what allows to onstrut nontrivial elements in H4n(R) is
the fat that eRe′i 6= 0 and e
′
iRe 6= 0 for i ∈ {1, 2}.
The last example motivates the following denition.
Denition 1.2.2. Let R be an algebra. Assume that there exists a deomposition
1R = e
′
1 + e + e
′
2 of the unit of R, where e, e
′
1, e
′
2 are orthogonal idempotents of R.
Then R is said to be oriented by e, e′1, e
′
2 if
e′1Re
′
2 = e
′
2Re
′
1 = 0(1.1)
and one of the following onditions is satised :
eRe′1 = eRe
′
2 = 0;(1.2)
e′1Re = e
′
2Re = 0;(1.3)
e′1Re = eRe
′
2 = 0.(1.4)
In this ase, we set ei = e
′
i + e, A
′
i = e
′
iRe
′
i, Ai = eiRei for i = 1, 2 and C = eRe.
Finally, we set E = ke′1 + ke+ ke
′
2 ⊆ R, E1 = ke
′
1 + ke ⊆ A1, E2 = ke
′
2 + ke ⊆ A2
and EC = ke ⊆ C.
Clearly, R, C, A1 and A2 areE-bimodules, and C, A1 andA2 are also bimodules
over the semisimple algebras E, E1 and E2 respetively. As we shall see, these
semisimple algebras will play a ruial role in the sequel, as nie substitutes for k.
Outside the ontext of bound quivers, an algebra Λ is said to be onvex in
bigger algebra Γ (Λ ⊆ Γ, but not neessarily a subalgebra) if whenever λ1, λ2, . . . , λn
are elements in Γ suh that 1Λλ1λ2 · · ·λn1Λ 6= 0, then eah of the λi's belong to Λ.
Also observe that onditions (1.1)-(1.4) are hosen in suh a way that if R is
oriented by e, e′1, e
′
2, then the algebras Ai, A
′
i and C are onvex in R, for i = 1, 2.
Examples 1.2.3.
(a) If e = 0 but e′1 6= 0 and e
′
2 6= 0, then ondition (1.1) simply means that
R ≃ A′1 ×A
′
2 = A1 ×A2.
(b) Let Γ, Λ be two k-algebras and ΓMΛ be a Γ− Λ-bimodule. We an then
onstrut the triangular matrix ring R =
(
Γ 0
ΛMΓ Λ
)
. By taking
e′1 =
(
1Γ 0
0 0
)
, e′2 = 0 and e =
(
0 0
0 1Λ
)
one an see that R
is oriented. In ase Λ is a division ring, the R is alled a one-point
extension of Γ by M . See Remark 1.2.4, (a), ase 1.3.
Remark 1.2.4.
(a) If R is oriented by e, e′1 and e
′
2, using the deomposition 1R = e
′
1+ e+ e
′
2,
the relation R = 1R · R · 1R, and the isomorphism of k-algebras R ≃
EndR(R), one an write R in a matrix form. The next gure shows the
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possible matrix ongurations, together with their orresponding quiver
ongurations in ase R is a bound quiver algebra. Note that the only
possible nonzero paths in eah ase are indiated by the depited arrows.
A′1 e′1Re 00 C 0
0 e′2Re A
′
2



 A′1 0 0eRe′1 C eRe′2
0 0 A′2



 A′1 0 0eRe′1 C 0
0 e′2Re A
′
2


A
′
1
A
′
2
C A
′
1
A
′
2
C
A′
1
C A′
2
ase (1.2) ase (1.3) ase (1.4)
(b) Note that any matrix algebra of one of these forms is oriented by the
idempotents e′1 = e11, e = e22, e
′
2 = e33, where eii is the 3 × 3-matrix
having a 1 in position (i, i) and 0 elsewhere. Moreover, observe that in
this ase R is the pullbak of the projetions πi : Ai → C : eirei 7→
ere, for i = 1, 2. Therefore, the oriented algebras (with e, e′1 and e
′
2
nonzero) generalize the "Nakayama oriented pullbaks" introdued in [18℄.
However, not all pullbaks are oriented, as Examples 1.2.1 show.
1.3. Some immediate observations. In this setion, we establish some im-
mediate results that will be needed in the sequel. From now on we adopt the
notations and terminology of Denition 1.2.2.
Remark 1.3.1. Let R be an algebra oriented by a set of idempotents e, e′1, e
′
2.
(a) Let σ1, σ2, τ1, τ2 ∈ {e
′
1, e, e
′
2}. Then, in R⊗E R, we have
σ1Rτ1 ⊗E σ2Rτ2 = σ1Rτ1σ2 ⊗E σ2Rτ2 = σ1Rτ1 ⊗E τ1σ2Rτ2
and, sine the idempotents e′1, e and e
′
2 are orthogonal, this vanishes if τ1 6=
σ2. The same argument shows that R
⊗En
is generated by the elements of
the form r1 ⊗ r2 ⊗ · · · ⊗ rn, with ri ∈ σiRτi with σi, τi ∈ {e, e
′
1, e
′
2} and
τi = σi+1 for eah i. Note that we are strongly using the fat that the
tensor produts are taken over E. The laim does not hold if tensors are
taken over k.
(b) As noted before, C is full and onvex in A1 and A2, whih in turn are
full and onvex in R. Thus, we have fully faithful embeddings modC ⊆
modAi ⊆ modR. Consequently, X ⊗E Y ≃ X ⊗EC Y whenever X and Y
are modules over C (or Cop).
() LetX be anR-bimodule, or, equivalently anRe-module. Then there exists
an epimorphism p : (Re)n → X , so that for x ∈ X we have x = p(r), hene
e′1xe
′
2 = (e
′
1 ⊗ e
′
2)x = (e
′
1 ⊗ e
′
2)p(r) = p((e
′
1 ⊗ e
′
2)r) = p(e
′
1re
′
2) = p(0) = 0
This shows that e′1Xe
′
2 = 0. Similarly, one an show that e
′
2Xe
′
1 = 0.
We then get the following lemmata
Lemma 1.3.2. If R is oriented by a set of idempotents e, e′1 and e
′
2, then
(a) eR⊗Ene = (eRe)⊗En = C⊗En;
(b) e1R
⊗Ene1 = (e1Re1)
⊗En = A⊗En1 ;
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() e2R
⊗Ene2 = (e2Re2)
⊗En = A⊗En2 ;
Proof. We only prove (a) sine the proofs of (b) and () are similar.
(a). Clearly, eRe is inluded in R, whene (eRe)⊗En ⊆ R⊗En. Multiplying by e on
both sides gives (eRe)⊗En ⊆ eR⊗Ene. On the other hand, let τ = e(r1 ⊗ r2 ⊗ · · · ⊗
rn)e be a nonzero element of eR
⊗Ene. It then follows from Remark 1.3.1 (a) and
the onvexity of C in R that ri ∈ eRe, for eah i. Thus τ ∈ (eRe)
⊗En
. 
Lemma 1.3.3. If R is oriented by a set of idempotents e, e′1 and e
′
2, then the
following hold, for i = 1, 2:
(a) If eRe′i = 0, then A
⊗En
i = e
′
iR
⊗Ene′i ⊕ e
′
iR
⊗Ene⊕ C⊗En;
(b) If e′iRe = 0, then A
⊗En
i = e
′
iR
⊗Ene′i ⊕ eR
⊗Ene′i ⊕ C
⊗En
.
Proof. This follows fromA⊗Eni = (eiRei)
⊗En = eiR
⊗Enei = (e
′
i+e)R
⊗En(e′i+
e) and Remark 1.3.1 (). 
2. Hohshild (o)homology
2.1. Denitions and notations. Let, as before, k be a eld and R be a k-
algebra. For eah n ≥ 2, onsider the morphism of R-bimodules b′ : R⊗n+1 → R⊗n
given by
b′(r0 ⊗ · · · ⊗ rn) :=
n−1∑
i=0
(−1)i(r0 ⊗ · · · ⊗ riri+1 ⊗ · · · ⊗ rn)(2.1)
Sine b′ ◦ b′ = 0, we get a omplex (R⊗•, b′). The maps h : R⊗n → R⊗n+1 given by
h(r0⊗ · · · ⊗ rn−1) = 1⊗ r0⊗ · · · ⊗ rn−1 dene a ontrating homotopy, so (R
⊗•, b′)
is a resolution of the Re-module R, the so-alled Hohshild resolution.
Let M be a R-bimodule. If we apply the funtor M ⊗Re − to the Hohshild
resolution of R, we get a omplex whose nth homology group is, by denition, the
nthHohshild homology group of R with oeients inM , denoted Hn(R,M).
Similarly, the nthHohshild ohomology group Hn(R,M) is the nth homology
group of the omplex obtained upon applying the funtor HomRe(−,M) to the
Hohshild resolution of R. We simply write Hn(R) and H
n(R) in ase M = R.
Sine k is a eld, R⊗n−2 is k-projetive and so the module R⊗n is Re-projetive
for n ≥ 2. Then the Hohshild resolution (R⊗•, b′) is a projetive resolution of R
over Re. So in our ontext one may dene the Hohshild (o)homology groups of
R with oeients in M in the following way:
Hn(R,M) = Tor
Re
n (M,R) and H
n(R,M) = ExtnRe(R,M)
Thus, for eah n ≥ 0 there exists an isomorphism φn : DH
n(R,DM) ≃ Hn(R,M)
(see [6, p. 181℄), where D = Homk(−, k) is the usual duality. Moreover, the
Hohshild (o)homology groups do not depend on the projetive resolution we
onsider to ompute them. For our purpose, it will be neessary to deal with a dif-
ferent projetive resolution of RRR. In partiular we will use the following lemma,
from [24℄.
Lemma 2.1.1. Let R be an algebra and E be a semisimple subalgebra of R. The
omplex
(R⊗E•, b′) : · · · // R⊗En+1
b′
// R⊗En
b′
// · · ·
b′
// R⊗E2
b′
// R // 0(2.2)
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where b′ is given by the formula (2.1) in whih we replae the tensor produts over
k by tensor produts over E, is a projetive resolution of R as Re-module.
Hene the groups Hn(R,M) (or H
n(R,M)) are the homology groups of the
omplex obtained when we apply the funtor M ⊗Re − (or HomRe(−,M), respe-
tively) to the projetive resolution (2.2).
Now, for n ≥ 2, we have anonial isomorphisms
M ⊗Re R⊗E R
⊗En−2 ⊗E R ≃ M ⊗Ee R
⊗En−2
(2.3)
m⊗ r ⊗ x⊗ r′ 7→ r′mr ⊗ x
and
HomRe(R ⊗E R
⊗En−2 ⊗E R,M) ≃ HomEe(R
⊗En−2,M)(2.4)
f 7→ f : m 7→ f(1R ⊗m⊗ 1R)
Using these identiations we obtain the following (ompare with [7, (1.2)℄):
Proposition 2.1.2. Let R be an algebra and E be a semisimple subalgebra of R.
Let M be a R-bimodule.
(a) The Hohshild homology groups Hn(R,M) are the homology groups of
the omplex
M⊗EeR
⊗E• : · · · // M ⊗Ee R
⊗E3
δ2
//M ⊗Ee R
⊗E2
δ1
// M ⊗Ee R
δ0
// M ⊗Ee E // 0
where the dierential δ• is dedued from the denition of b
′
(2.2), and the
formula (2.3).
(b) The Hohshild ohomology groups Hn(R,M) are the homology groups of
the omplex
HomEe(R
⊗•,M) : 0 // HomEe(E,M)
δ0
// HomEe(R,M)
δ1
// HomEe(R
⊗E2,M)
δ2
// · · ·
where, the dierential δ• is dedued from the denition of b′ (2.2), and
the formula (2.4).
The Yoneda produt in H∗(R) =
⊕
i≥0 H
i(R) is indued by a up-produt
dened at the ohain level in the omplex of Proposition 2.1.2 (b), as follows.
Given f ∈ HomEe(R
⊗En, R) and g ∈ HomEe(R
⊗Em, R) we dene the element f ∪g
in HomEe(R
⊗En+m, R) by the rule:
(f ∪ g)(r1 ⊗ · · · ⊗ rn+m) = f(r1 ⊗ · · · ⊗ rn)g(rn+1 ⊗ · · · ⊗ rn+m).
On the other hand, given i ∈ {1, . . . , n}, dene f ◦i g ∈ HomEe(R
⊗En+m−1, R) by
the rule:
(f ◦i g)(r1 ⊗ · · · ⊗ rn+m−1) = f(r1 ⊗ · · · ⊗ g(ri ⊗ · · · ⊗ ri+m−1)⊗ · · · ⊗ rn+m−1).
Then we dene the omposition
f ◦ g =
{
0, if n = 0;∑n
i=1(−1)
(i−1)(m−1)f ◦i g, if n > 0.
and nally the braket of f and g as [f, g] = f ◦ g − (−1)(n−1)(m−1)g ◦ f. As the
up-produt, this braket indues an operation at the ohomology level. These two
strutures are related: in fat H∗(R) =
⊕
i≥0H
i(R), refered as the Hohshild
algebra over R in the sequel, is a Gerstenhaber algebra (see [12℄). That is H∗(R)
is a graded k-vetor spae endowed with a produt ∪ whih makes it a graded
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ommutative algebra, and a Lie braket [−,−] of degree −1 that makes of H∗(R)
a graded Lie algebra, and suh that [x, y ∪ z] = [x, y] ∪ z + (−1)(|x|−1)|y|y ∪ [x, z],
where |x| and |y| are the degrees of x and y, respetively.
2.2. Long exat sequene of Hohshild homology groups. Let R be
an algebra, oriented by a set of idempotents e, e′1 and e
′
2 (see Denition 1.2.2). In
this setion, we prove our rst main result, that is the existene of a long exat
sequene relating the Hohshild homology groups of R, C, A1 and A2. This will be
a onsequene of the following proposition, in whih we freely use the identiations
given in Remark 1.3.1 and Lemma 1.3.2.
Proposition 2.2.1. Let R be an algebra, oriented by three idempotents e, e′1 and
e′2. Moreover, let C = eRe, A1 = e1Re1 and A2 = e2Re2 be as in Denition 1.2.2.
Let M be an R-bimodule. For any n ≥ 0, the sequene
0 // eMe
⊗
Ee
C
C⊗ECn α
n
//
2⊕
i=1
eiMei ⊗Eei A
⊗Ein
i
βn
// M
⊗
Ee R
⊗En // 0
is exat in modEe, where αn = (αn1 , α
n
2 )
t
, with αni (eme⊗exe) = eiemeei⊗eiexeei,
and βn = (βn1 , β
n
2 ), with β
n
i (eimei ⊗ eixei) = (−1)
i(eimei ⊗ eixei), for i = 1, 2.
Proof. Sine R is oriented, we have three ases to onsider, these are (1.2)-
(1.4). We only prove the exatness for the ase (1.2) sine the proofs for the other
ases are similar. So, assume that e′1Re
′
2 = e
′
2Re
′
1 = 0 and also eRe
′
1 = eRe
′
2 = 0.
Using Remark 1.3.1 (), we have e′1Xe
′
2 = e
′
2Xe
′
1 = 0, and similarly e
′
1Xe = e
′
2Xe =
0 for any R-bimodule X .
Using 1R = e
′
1 + e + e
′
2, we have the deomposition :
R⊗En = e′1R
⊗Ene′1 ⊕ eR
⊗Ene′1 ⊕ eR
⊗Ene⊕ eR⊗Ene′2 ⊕ e
′
2R
⊗Ene′2
and so
M ⊗Ee R
⊗En = (M ⊗Ee e
′
1R
⊗Ene′1)⊕ (M ⊗Ee eR
⊗Ene′1)
⊕(M ⊗Ee eR
⊗Ene)
⊕(M ⊗Ee eR
⊗Ene′2)⊕ (M ⊗Ee e
′
2R
⊗Ene′2)
≃ (e1Me1 ⊗Ee
1
e′1R
⊗Ene′1)⊕ (e1Me1 ⊗Ee1 eR
⊗Ene′1)
⊕(eMe⊗Ee
C
C⊗ECn)
⊕(e2Me2 ⊗Ee
2
eR⊗Ene′2)⊕ (e2Me2 ⊗Ee2 e
′
2R
⊗Ene′2)
where the isomorphism follows from immediate identiation.
Similarly, for i = 1, 2, we get from Lemma 1.3.3, that
eiMei ⊗Eei A
⊗Ein
i ≃ (eiMei ⊗Eei e
′
iR
⊗Ene′i)⊕ (eiMei ⊗Eei eR
⊗Ene′i)
⊕(eMe⊗Ee
C
C⊗ECn)
With these isomorphisms and identiations in mind, we obtain the desired short
exat sequene of omplexes. 
Remark 2.2.2. In the above proposition, the fat that the tensor produts are
taken over E is ruial. We have used Lemmata 1.3.2 and 1.3.3, whih do not hold
true if tensor produts are taken over k.
We an know prove our rst main result.
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Theorem 2.2.3. Let R be an algebra, oriented by three idempotents e, e′1 and e
′
2.
Moreover, let C = eRe, A1 = e1Re1 and A1 = e2Re2 be as in Denition 1.2.2.
For any R-bimodule M , there exists a long exat sequene of Hohshild homology
groups :
· · · // H1(C, eMe) // H1(A1, e1Me1)⊕H1(A2, e2Me2) // H1(R,M) //
// H0(C, eMe) // H0(A1, e1Me1)⊕H0(A2, e2Me2) // H0(R,M) // 0
Proof. The result follows from the above Proposition and the observation
that αn and βn ommute with the dierential δn of Proposition 2.1.2 (a), giving
rise to a short exat sequene of omplexes.
0 // eMe⊗Ee
C
C⊗EC •
α•
//
2⊕
i=1
eiMei ⊗Eei A
⊗Ei•
i
β•
// M ⊗Ee R
⊗E• // 0
whose homology groups are the desired Hohshild homology groups. 
2.3. Long exat sequene of Hohshild ohomology groups. In this
setion, we show an analogue to Theorem 2.2.3 for Hohshild ohomology groups.
In addition, we show that the maps involved in the long exat sequene are om-
patible with the Yoneda produt and the Lie braket of the involved Hohshild
algebras.
At this point, we stress that one an dedue a long exat sequene of Hohshild
ohomology groups by applying the isomorphism φn : DH
n(R,DM) ≃ Hn(R,M)
on the long exat sequene of Theorem 2.2.3. We will however avoid this approah
sine we need a lear desription of the morphisms to verify their ompatibility with
the Yoneda produts and Lie brakets. Their knowledge will also be important for
Theorem 3.3.9. Nevertheless, sine our approah is similar to the one we have
used for Hohshild homology, we skip some details, for instane the proof of the
following proposition, whih is an analogue to Proposition 2.2.1.
Proposition 2.3.1. Let R be an algebra, oriented by three idempotents e, e′1 and
e′2. Moreover, let C = eRe, A1 = e1Re1 and A1 = e2Re2 be as in Denition 1.2.2.
Let M be an R-bimodule. For any n ≥ 0, the sequene
0 // HomEe(R
⊗En,M)
αn
//
2⊕
i=1
HomEei (A
⊗Ein
i , eiMei)
βn
// HomEe
C
(C⊗ECn, eMe) // 0
is exat in modEe, where αn = (αn1 , α
n
2 )
t
, with αni (f)(r1 ⊗ · · · ⊗ rn) = f(eir1 ⊗
· · · ⊗ rnei) and β
n = (βn1 , β
n
2 ), with β
n
i (f)(r1 ⊗ · · · ⊗ rn) = (−1)
if(er1 ⊗ · · · ⊗ rne),
for i = 1, 2.
We an now prove our seond main result.
Theorem 2.3.2. Let R be an algebra, oriented by three idempotents e, e′1 and e
′
2.
Moreover, let C = eRe, A1 = e1Re1 and A1 = e2Re2 be as in Denition 1.2.2. For
any R-bimodule M , there exists a long exat sequene of Hohshild ohomology
groups:
0 // H0(R,M)
α0
// H0(A1, e1Me1)⊕H
0(A2, e2Me2)
β0
// H0(C, eMe) //
// H1(R,M)
α1
// H1(A1, e1Me1)⊕H
1(A2, e2Me2)
β1
// H1(C, eMe) // · · ·
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In addition, if M = R, then the indued maps αni : H
n(R) → Hn(Ai) and β
n
i :
Hn(Ai)→ H
n(C) are ompatible with the Yoneda produts and the Lie brakets.
Proof. It is easily veried that the maps αn and βn of the above Proposition
ommute with the dierential δn of Proposition 2.1.2 (b), giving rise to a short
exat sequene of omplexes
0 // HomEe(R
⊗•,M)
α•
//
2⊕
i=1
HomEei (A
⊗•
i , eiMei)
β•
// HomEeC (C
⊗•, eMe) // 0
whose homology groups are the desired Hohshild ohomology groups. This shows
the existene of the long exat sequene. In order to prove the seond part of the
statement, we need to show that α• = (α•1, α
•
2)
t
is ompatible with the up-produt
and the Lie braket if M = R. For the up-produt, this follows from the fat that
if x ∈ A
⊗Ei (n+m)
i , then x = eixei and
(αni (f)) ∪ (α
m
i (g))(x) = (f ∪ g)(x) = α
n+m
i (f ∪ g)(x),
for f ∈ HomEe(R
⊗En, R) and g ∈ HomEe(R
⊗Em, R). A similar argument applies
to β•i . For the Lie braket, let f ∈ HomEe(R
⊗En, R), g ∈ HomEe(R
⊗Em,M) and
x1 ⊗ · · · ⊗ xn+m−1 ∈ A
⊗n+m−1
i . Then
αn+m−1i (f ◦j g)(x1 ⊗ · · · ⊗ xn+m−1)
= (f ◦j g)(eix1 ⊗ · · · ⊗ xn+m−1ei)
= f(eix1 ⊗ · · · ⊗ g(xj ⊗ · · · ⊗ xj+m−1)⊗ · · · ⊗ xn+m−1ei)
= f(eix1 ⊗ · · · ⊗ g(eixj ⊗ · · · ⊗ xj+m−1ei)⊗ · · · ⊗ xn+m−1ei)
= (αni (f)) ◦j (α
m
i (g))(x1 ⊗ · · · ⊗ xn+m−1).
The result follows by linearity. Similarly, β•i is ompatible with the Lie braket. 
2.4. The ase where C is a ore algebra. This setion is devoted to the
study of a partiular lass of oriented bound quiver algebras.
More preisely, let R = kQR/IR where QR is a nite quiver and IR is an
admissible ideal in kQR. Moreover, the idempotents e, e
′
1 and e
′
2 are sums of
primitive idempotents εx orresponding to some verties x in QR, and QC , QA1
and QA2 are the full and onvex subquivers of QR generated by these verties.
Finally, we have IC = kQC ∩ IR, I1 = kQA1 ∩ IR and I2 = kQA2 ∩ IR. Thus,
C = kQC/IC , A1 = kQA1/I1 and A2 = kQA2/I2 are also bound quiver algebras.
For instane, the oriented algebra of Examples 2.5.2 (a) below is like so.
We show that if R is an oriented algebra as above and C satises some spe-
i onditions, then the long exat sequene of Theorem 2.3.2 results in onrete
formulæ to ompute the Hohshild ohomology groups of R. The onditions we
impose on C = kQC/IC are the following:
(1) QC ontains no oriented yles, and
(2) Hn(C) = 0 for n ≥ 1.
In the sequel, an algebra satisfying the above two onditions is alled a ore al-
gebra. There exists many important lasses of algebras whih are ore algebras,
mostly related to trees.
Examples 2.4.1.
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(a) Let A = kQ/I, where I is a two-sidedmonomial ideal and Q is onneted
(for instane A = kQ, a hereditary onneted algebra). Then A is ore if
and only if Q is a tree, by [16, (1.6),(2.2)℄
(b) We reall from [16℄ that an algebra A is alled pieewise hereditary
of type H if there exists a hereditary algebra H suh that the bounded
derived ategories of nitely generated A-modules and H-modules are
equivalent as triangulated ategories. In this ase, it follows from [16,
(4.2)℄ that Hn(A) is isomorphi to Hn(H) for n ≥ 0. Moreover, sine,
by [15, (IV.1.10)℄ the quiver of any pieewise hereditary algebra has no
oriented yles, then it follows from Example (a) that A is a ore algebra
if and only if the quiver of H is a tree.
() Following [11℄, for an algebra A = kQ/I, we say that Hn(A) strongly
vanishes (see also [26, 2.2, 4.1℄ if Hn(B) = 0 for every full onvex subat-
egory B of A. Also, we say that A has onvex projetives (or onvex
injetives) if for every vertex x of Q, the set of verties {y | εxAεy 6= 0}
(or {y | εyAεx 6= 0}, respetively) is onvex in Q. With these denitions,
the following holds true by [11℄ : A is a ore algebra provided
(i) A is shurian and H1(A) strongly vanishes, or
(ii) Q has no oriented yles and A is a tame algebra with onvex pro-
jetives and onvex injetives suh that H1(A) and H2(A) strongly
vanish.
We ontinue with the following lemma onerning the enter of an algebra,
whose proof is left as an exerise. Reall that the 0th Hohshild ohomology
group H0(A) of an algebra A is isomorphi to its enter Z(A).
Lemma 2.4.2. Let A = kQ/I be a onneted algebra, εi be the idempotent or-
responding to the vertex i, and ω be an element of the enter Z(A) of A. Then,
ω =
∑
i∈Q0
ωi + λ · 1A, where λ ∈ k and ωi ∈ εiradAεi for eah i.
Remark 2.4.3. It follows from the previous lemma that if C = kQC/IC is an alge-
bra suh that QC ontains no oriented yles, then dimkH
0(C) equals the number
of onneted omponents of QC .
We an now prove the main result of this setion.
Proposition 2.4.4. Let R = kQR/IR be a bound quiver algebra, oriented by three
idempotents e, e′1 and e
′
2. Moreover, let C = kQC/IC , A1 = kQA1/I1 and A2 =
kQA2/I2. If C = kQC/IC is a ore algebra, then:
(a) dimkH
0(R) = dimkH
0(A1) + dimkH
0(A2)− 1;
(b) dimkH
1(R) = dimkH
1(A1) + dimkH
1(A2) + dimkH
0(C)− 1;
() Hi(R) ≃ Hi(A1)⊕H
i(A2) for i ≥ 2.
Proof. (a). It is suient to show that dimkZ(R) = dimkZ(A1)+dimkZ(A2)−
1. For j = 1, 2, let Bj be a k-basis of Z(Aj) ontaining ej, the unit element of Aj .
We laim that B = (1R∪B1∪B2)\ ({e1}∪{e2}) is a k-basis of Z(R). Sine this set
is linearly independent by Lemma 2.4.2, it remains to show that it generates Z(R).
Let ω be an element of Z(R). By Lemma 2.4.2, we have ω =
∑
i∈(QR)0
ωi + λ · 1R,
where λ ∈ k and ωi ∈ εiradRεi for eah i ∈ (QR)0. Moreover, sine QC has no
oriented yles, we have ω =
∑
i∈(QR)0\(QC)0
ωi + λ · 1R. Therefore, we an write
without ambiguity ω = ρ1 + ρ2 + λ · 1R, where ρj =
∑
i∈(QA′
j
)
0
ωi, j = 1, 2. It then
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remains to show that ρj ∈ Z(Aj) for j = 1, 2 sine, by onstrution, ρj ∈ Z(Aj)
if and only if ρj belongs to the k-vetor spae generated by Bj \ {ej}. Let η1 be a
path in QA1 . We have :
ρ1η1 + λη1 = ρ1η1 + 0 + λη1 = ρ1η1 + ρ2η1 + λ · 1Rη1 = ωη1
= η1ω = η1ρ1 + η1ρ2 + λη1 · 1R = η1ρ1 + 0 + λη1
= η1ρ1 + λη1
whene ρ1η1 = η1ρ1. Therefore, ρ1 ∈ Z(A1). Sine, similarly, ρ2 ∈ Z(A2), ω
belongs to the k-vetor spae generated by B and B is a k-basis of Z(R). In
partiular, dimkZ(R) = dimkZ(A1) + dimkZ(A2)− 1, and this proves (a).
(b). Sine Hi(C) = 0 for eah i ≥ 1, it follows from Theorem 2.3.2 that we
have the following exat sequene :
0 // H0(R) // H0(A1)⊕H
0(A2) // H
0(C) // H1(R) // H1(A1)⊕H
1(A2) // 0
whene,
dimkH
1(R) = dimkH
1(A1) + dimkH
1(A2) + dimkH
0(C)
+dimkH
0(R)− dimkH
0(A1)− dimkH
0(A2)
But dimkH
0(R)− dimkH
0(A1)− dimkH
0(A2) = −1 by (a).
(). This follows diretly from Theorem 2.3.2. 
2.5. Examples and omparison. We now ompute some examples and om-
pare the sequene of Theorem 2.3.2 with other ones existing in the literature. First,
let
R =
(
A 0
BMA B
)
where A and B are arbitrary nitely generated k-algebras and M is a nitely
generated B-A-bimodule. Then R is a k-algebra under the usual matrix operations.
In the eighties, D. Happel proved in [16℄ the existene of a long exat sequene
relating the Hohshild ohomology groups of R, A and B in the partiular ase
where B = k. Over the years, several variations and generalizations of this se-
quene have been obtained. The most reent long exat sequenes now apply for
an arbitrary algebra B (see [9, 23, 13, 14, 2℄).
Theorem 2.5.1. Let R be as above, eA and eB are the unit elements of A and B
and let X be a R-R-bimodule. Then, there exists a long exat sequene
0 // H0(R,X) // H0(A, eAXeA)⊕H
0(B, eBXeB) // Ext
0
B⊗kAop
(M, eBXeA) //
// H1(R,X) // H1(A, eAXeA)⊕H
1(B, eBXeB) // Ext
1
B⊗kAop(M, eBXeA)
// · · ·
The following examples show the dierene between the exat sequene of The-
orem 2.3.2 and the above sequene.
Examples 2.5.2.
(a) Let R be the bound quiver algebra given by the quiver
5
 ""
FF
FF
))RR
RRR
RRR
R 6
||xx
xx
uulll
lll
lll
2
""
FF
FF 3

4
||xx
xx
1
(CO)HOMOLOGY THEORIES FOR ORIENTED ALGEBRAS 13
bounded by the ideal generated by all paths of length two. Let e =
ε1+ ε2+ ε3+ ε4, e
′
1 = ε5, and e
′
2 = ε6 be the three idempotents orienting
R. By [8, (p. 96)℄,
Hi(A1) ≃ H
i(A2) ≃


k, if i = 0;
k2, if i = 1;
0, otherwise;
and Hi(R) ≃


k, if i = 0;
k4, if i = 1;
0, otherwise.
Moreover, sine the quiver of C is a tree, H0(C) = k and Hi(C) = 0 for
i ≥ 1. By Theorem 2.3.2 and Proposition 2.4.4, there exists an exat
sequene :
0 // H0(R) // H0(A1)⊕H
0(A2) // H
0(C) // H1(R) // H1(A1)⊕H
1(A2) // H
1(C) // ···
0 //
__



__
k // k⊕k // k //
_ _



_ _
k4 // k2⊕k2 // 0 // ···
On the other hand, if we respetively denote by Sx and Px the simple mod-
ule and the projetive module assoiated to the vertex x in the quiver,
one an see R as the one-point extension
A1[M ] =
(
A1 0
M k
)
,
where M = radP6 = S2 ⊕ S3 ⊕ S4 is a semisimple module without self-
extensions. In this ase, the long exat sequene of Theorem 2.5.1 is given
by :
0 // H0(R) // H0(A1)⊕k // HomA1(M,M) // H
1(R) // H1(A1) // Ext
1
A1
(M,M) // ···
0 // k // k⊕k // k3 // k4 // k2 // 0 // ···
The two long exat sequenes are learly dierent.
(b) Let R be the algebra given by the quiver
1
ε

2
δ
oo 3
γ
oo 4
β
oo
α

with the relations α2 = αβ = βγ = δε = ε2 = 0. Let e = ε3, e
′
1 = ε1 + ε2
and e′2 = ε4. Then the onditions (1.1) and (1.4) of Denition 1.2.2 are
satised, and so R is oriented. A quik appliation of [8, (p. 96)℄ and
Theorem 2.5.1 gives:
Hi(A1) ≃ H
i(A2) ≃
{
k2, if i = 0;
k, otherwise .
Moreover, H0(C) = k and Hi(C) = 0 for i ≥ 1. By Theorem 2.3.2 and
Proposition 2.4.4, there exists an exat sequene
0 // H0(R) // H0(A1)⊕H
0(A2) // H
0(C) // H1(R) // H1(A1)⊕H
1(A2) // H
1(C) // ···
0 //
_ _



_ _
k3 // k2⊕k2 // k //
_ _



_ _
k2 // k⊕k // 0 // ···
from whih we obtain that H1(R) ≃ k2 and Hi(R) ≃ Hi(A1) ⊕ H
i(A2) ≃
k⊕ k for i ≥ 2. On the other hand, one an see R as the following matrix
algebra
R =
(
A1 0
M A′2
)
,
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where A′2 is the full subategory generated by the vertex 4 and M is the
A′2-A1-bimodule given by the arrow β. In order to apply the sequene of
Theorem 2.5.1, one needs to ompute ExtiA′
2
⊗A1op(M,M) for i ≥ 0. A
diret omputation leads to the fat that A′2⊗A1
op
is given by the quiver
4⊗ 1
4⊗ε

α⊗1
XX
4⊗δ
// 4⊗ 2
α⊗2
XX
4⊗γ
// 4⊗ 3
α⊗3
XX
bound by the relations indued by those of R, that is (α⊗1)2 = (α⊗2)2 =
(α ⊗ 3)2 = (4 ⊗ ε)2 = (4⊗ ε)(4 ⊗ δ) = 0, (α ⊗ 1)(4 ⊗ δ) = (4 ⊗ δ)(α ⊗ 2)
and (α ⊗ 2)(4 ⊗ γ) = (4 ⊗ γ)(α ⊗ 3). Moreover, the A′2 ⊗ A1
op
-module
M is the simple module S4⊗3. However, sine (α ⊗ 3)
2 = 0, it follows
from [19, (1.4)℄ that ExtiA′
2
⊗A1op(M,M) 6= 0 for i ≥ 1. Hene, the long
exat sequene of Theorem 2.5.1 annot eiently be used to ompute the
Hohshild ohomology groups of R. At least, it annot be used to show
that Hi(R) ≃ Hi(A1)⊕H
i(A2) ≃ k ⊕ k for i ≥ 2.
3. Cyli (o)homology
The strong relation between yli (o)homology and Hohshild (o)homology
theories brings up the natural question whether oriented algebras give rise to long
exat sequenes of yli (o)homology groups. In what follows, we show that the
answer is positive, and moreover that these long exat sequenes are ompatible
with Connes' long exat sequenes.
The rst part of this setion is devoted to basi denitions and tools onerning
yli (o)homology, inluding the Connes' long exat sequenes. Then we onsider
the oriented algebras again and prove our main results.
We refer to [20℄ and [3℄ for more details on yli (o)homology theory.
3.1. Denitions and notations. We rst reall the following general on-
strutions. A biomplex C•• is a olletion of modules Cpq , with p, q ∈ Z, to-
gether with a horizontal dierential dh : Cp,q → Cp−1,q and a vertial dierential
dv : Cp,q → Cp,q−1 satisfying d
vdv = dhdh = dvdh + dhdv = 0. Now, given a
biomplex C•• in the rst quadrant, that is Cp,q = 0 provided p < 0 or q < 0,
dene, for n ∈ Z, the module (TotC••)n =
⊕
p+q=n Cp,q, and, further, the omplex
· · · // (TotC••)n+1
d
// (TotC••)n
d
// (TotC••)n−1 // · · ·
where d = dh+dv. This omplex is alled the total omplex of the biomplex C••.
Then it is a routine veriation that a short exat sequene of biomplexes in the
rst quadrant yields a short exat sequene of their assoiated total biomplexes.
Now, let R be an algebra. For eah n ≥ 2, onsider the morphism of R-
bimodules b : R⊗n → R⊗n−1 given by
b(r0 ⊗ · · · ⊗ rn−1) :=
n−2∑
i=0
(−1)i(r0 ⊗ r1 ⊗ · · · ⊗ riri+1 ⊗ · · · ⊗ rn−1)(3.1)
+(−1)n−1(rn−1r0 ⊗ r1 ⊗ · · · ⊗ rn−2)
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It is easily veried that b ◦ b = 0, so we get a omplex (R⊗•, b).
On the other hand, for n ≥ 1, the yli group Zn+1 ats on R
⊗n+1
by letting
its generator t ats by t(r0⊗· · ·⊗rn) := (−1)
n(rn⊗r0 · · ·⊗rn−1). For n = 0, let t be
the identity map. So t denes an endomorphism on R⊗n+1. Let N = 1+t+ · · ·+tn.
Then the following diagram
.
.
.

.
.
.

.
.
.

.
.
.

R⊗3
b

R⊗3
−b′

1−t
oo R⊗3
b

N
oo R⊗3
1−t
oo
−b′

· · ·
N
oo
R⊗2
b

R⊗2
−b′

1−t
oo R⊗2
b

N
oo R⊗2
1−t
oo
−b′

· · ·
N
oo
R R
1−t
oo R
N
oo R
1−t
oo · · ·
N
oo
(3.2)
where b and b′ are as in (3.1) and (2.1), is a biomplex in the rst quadrant. This
diagram is alled the yli biomplex assoiated with R and is denoted CC(R).
By denition, the nth yli homology group of R is given by
HCn(R) := Hn(TotCC(R)),
that is the nth homology group of the total omplex assoiated with CC(R).
In order to dene the yli ohomology groups, we onsider the standard
duality D = Homk(−, k). Applying D on the biomplex CC(R) above yields the
dual biomplex D(CC(R)). By denition, the nth yli ohomology group
HCn(R) of R is the nth homology group of the ohain omplex TotD(CC(R)):
HCn(R) := Hn(TotD(CC(R))).
3.2. Connes' exat sequenes. Let CC(R){2} be the biomplex onsisting
of the rst two olumns of CC(R). By Killing's lemma (see [20, p. 55℄ for instane)
the homology groups of TotCC(R){2} are isomorphi to the homology groups of
the rst olumn, whih are the Hohshild homology group Hn(R) beause 1R ⊗ b
′
beomes b under the isomorphism R⊗Re R
⊗n+2 ≃ R⊗R⊗n given by r0⊗ r1⊗· · ·⊗
rn+2 7→ rn+2r0r1⊗ r2⊗ · · · ⊗ rn+1. Now, let (CC(R)[2, 0])pq = CC(R)p−2,q. Thus,
the short exat sequene of biomplexes
0 // CC(R){2} // CC(R) // CC(R)[2, 0] // 0
yields a short exat sequene of total omplexes, and so a long exat sequene
· · · // Hn(R) // HCn(R) // HCn−2(R) // Hn−1(R) // · · ·
relating the Hohshild homology groups and yli homology groups of R, alled
the homologial Connes' exat sequene.
Dually, letD(CC(R)){2} denote the biomplex onsisting of the rst two olumns
of D(CC(R)). Sine D is an exat funtor, Killing's lemma applies and the ho-
mology groups of TotD(CC(R)){2} are isomorphi to the homology groups of the
rst olumn, whih are the Hohshild ohomology groups Hn(R,D(R)) beause
HomRe(b
′, D(R)) beomesD(b) under the isomorphism φ : HomRe(R
⊗n+1, D(R))→
Homk(R
⊗n, k) sending any f ∈ HomRe(R
⊗n+1, D(R)) to the map φ(f) dened by
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φ(f)(r0 ⊗ · · · ⊗ rn−1) = f(1 ⊗ r1 ⊗ · · · ⊗ rn−1 ⊗ 1)(r0) for r0 ⊗ · · · ⊗ rn−1 ∈ R
⊗n
.
Therefore, the short exat sequene of biomplexes
0 // D(CC(R))[2, 0] // D(CC(R)) // D(CC(R)){2} // 0
(where D(CC(R)[2, 0])pq = D(CC(R))p−2,q) yields a short exat sequene of total
omplexes giving rise to the ohomologial Connes' exat sequene
· · · // Hn(R,D(R)) // HCn−1(R) // HCn+1(R) // Hn+1(R,D(R)) // · · ·
3.3. Cyli (o)homology for oriented algebras. Let R be an algebra,
oriented by three idempotents e, e′1, e
′
2. We also adopt the notations and terminol-
ogy of Setion 1.2. In what follows, we give an analogues to Theorems 2.2.3 and
2.3.2 for the yli (o)homology groups.
The strategy is the same as for Hohshild (o)homology groups. Thus, in view
of Remark 2.2.2, it will be neessary to deal with tensor produts over E rather
than over k. This means that it would be nie to onstrut a short exat sequene
relating the biomplexes CCE(C), CCE(A1), CCE(A2) and CCE(R) (where these
are obtained from the biomplexes (3.2) by replaing the tensor produts over k by
tensor produts over E), giving rise to a long exat sequene of homology groups.
However, although suh a sequene exists, this is unfortunately not suient be-
ause there is no guarantee, for instane, that the total omplexes of CC(R) and
CCE(R) have the same homology groups. This problem an be xed by what is
sometimes alled the relative Hohshild homology.
Let S be a subring of R (in our ase we will take S = E). In partiular, R is
a S-bimodule. Consider the S-subbimodule Jn of R⊗Sn generated by all elements
of the form (sr1 ⊗ r2 ⊗ · · · ⊗ rn)− (r1 ⊗ r2 ⊗ · · · ⊗ rns) for any s ∈ S and ri ∈ R.
Given x, x′ ∈ R⊗Sn, we write
x ∼ x′ provided x− x′ ∈ Jn, and dene R˜⊗Sn := R⊗Sn/Jn.
It is straightforward to hek that the dierential b of (3.1) is ompatible with the
relation ∼, in the sense that if x ∼ x′ then b(x) ∼ b(x′). So there is a well-dened
omplex (R˜⊗Sn, b). It's nth homology group is denoted H˜Sn(R).
Reall that an algebra S is alled separable over k if the S-bimodule map
µ : S ⊗ Sop → S splits. This is equivalent to the existene of an idempotent
ε =
∑
ui ⊗ vi ∈ S ⊗ S
op
suh that
∑
uivi = 1 and (s ⊗ 1S)ε = (1S ⊗ s)ε for any
s ∈ S.
Then we have the following theorem from [20, (p.21)℄.
Theorem 3.3.1. Let S be separable over k. Then the anonial projetion π :
(R⊗n, b) → (R˜⊗Sn, b) is a quasi-isomorphism. In partiular, Hn(R) ≃ H˜Sn(R) for
any n ≥ 0.
Moreover, it is straightforward to hek that if, in the diagram (3.2), we replae
the tensor produts over k by tensors produts over S, to obtain a omplex CCS(R),
the indued appliations b, −b′, t and N are ompatible with the relation ∼, so that
we obtain a biomplex C˜CS(R), refered in the sequel as the relative biomplex,
(CO)HOMOLOGY THEORIES FOR ORIENTED ALGEBRAS 17
given by
.
.
.

.
.
.

.
.
.

.
.
.

R˜⊗S3
b

R˜⊗S3
−b′

1−t
oo
R˜⊗S3
b

N
oo
R˜⊗S3
1−t
oo
−b′

· · ·
N
oo
R˜⊗S2
b

R˜⊗S2
−b′

1−t
oo
R˜⊗S2
b

N
oo
R˜⊗S2
1−t
oo
−b′

· · ·
N
oo
R˜ R˜
1−t
oo R˜
N
oo R˜
1−t
oo · · ·
N
oo
(3.3)
and the map π of Theorem 3.3.1 extends to a map of biomplexes π : CC(R) →
C˜CS(R). Moreover, with these notations, Theorem 3.3.1 assures that the restrition
of π to the olumns of type b is a quasi-isomorphism. On the other hand, sine the
olumns of type b′ are exat, the projetion π trivially indues a quasi-isomorphism
on the olumns of type b′. Then, it follows (see [20, Proposition 1.0.12℄ for instane)
that the map indued by π on the total omplexes is a quasi-isomorphism. We have
just proved the following proposition.
Proposition 3.3.2. Let R be an algebra and S be a separable subalgebra of R.
Then HCn(R) ≃ Hn(TotC˜CS(R)) for eah n ≥ 0.
For an oriented algebra R, the subalgebra S = E of R is separable over k (take
ε = e′1⊗e
′
1+e⊗e+e
′
2⊗e
′
2), and so are the subalgebras EC of C, E1 of A1 and E2 of
A2. As a onsequene, to obtain a long exat sequene of yli homology groups,
it sues to onstrut a short exat sequene of relative biomplexes of R, C, A1
and A2. The existene of suh a sequene will follow from the next proposition.
Proposition 3.3.3. Let R be an algebra, oriented by three idempotents e, e′1, e
′
2.
For any n ≥ 1, the sequene
0 // C⊗ECn
fn
// A
⊗E1n
1
⊕
A
⊗E2n
2
gn
// R⊗En // 0
is exat in modEe, where fn = (fn1 , f
n
2 )
t
, with fni (er1 ⊗ · · · ⊗ rne) = eier1 ⊗ · · · ⊗
rneei, and g
n = (gn1 , g
n
2 ), with g
n
i (eir1 ⊗ · · · ⊗ rnei) = (−1)
i(eir1 ⊗ · · · ⊗ rnei), for
i = 1, 2.
Proof. Sine eie = e = eei, the map f
n
is trivially injetive. Also, Imgn ⊆
Kerfn. Conversely, assume x1 =
∑k
i=1 e1r1i ⊗ · · · ⊗ rnie1 ∈ A
⊗En
1 and x2 =∑l
i=1 e2r
′
1i⊗· · ·⊗r
′
nie2 ∈ A
⊗En
2 are suh that g
n((x1, x2)) = 0. By denition of g
n
,
we get x1−x2 = 0, and so x1 = x2. Let x be this ommon value. Multiplying x by e1
on both sides gives x = x1 = e1x1e1 = e1x2e1 = e1x2e1 =
∑l
i=1 er
′
1i⊗· · ·⊗r
′
nie sine
e1e2 = e = e2e1. So x ∈ C
⊗En
and fn(x) = (x1, x2), showing that Kerg
n ⊆ Imfn.
It remains to show that gn is surjetive. Let r ∈ R⊗En. Sine 1R = e
′
1 + e + e
′
2,
and e′1re
′
2 = 0 = e
′
2re
′
1 by Remark 1.3.1 (), we have
r = e′1re
′
1 + e
′
1re + e
′
1re
′
2 + ere
′
1 + ere+ ere
′
2 + e
′
2re
′
1 + e
′
2re + e
′
2re
′
2
= e′1re
′
1 + e
′
1re + ere
′
1 + ere+ ere
′
2 + e
′
2re + e
′
2re
′
2
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Moreover, sine e1e
′
1 = e
′
1 = e
′
1e1, we have e1e = e = ee1. Similarly, e2e =
e = ee2. We get r1 := e
′
1re
′
1 + e
′
1re + ere
′
1 + ere ∈ e1R
⊗Ene1 = A
⊗En
1 and
r2 := ere
′
2 + e
′
2re + e
′
2re
′
2 ∈ e2R
⊗Ene2 = A
⊗En
2 . This shows that g
n(r1,−r2) = r
and gn is surjetive. Similar arguments show that fn and gn are Ee-linear. 
Corollary 3.3.4. Let R be an algebra, oriented by three idempotents e, e′1, e
′
2. For
any n ≥ 1, there exists a short exat sequene in modEe of the form
0 // C˜⊗ECn
fn
//˜A
⊗E1n
1
⊕˜
A
⊗E2n
2
gn
//
R˜⊗En
// 0
Proof. It sues to hek that the maps fn and gn in Proposition 3.3.3 are
ompatible with the relation ∼ and remain respetively injetive and surjetive,
whih is straightforward. 
We an now state and prove the main results of this setion.
Theorem 3.3.5. Let R be an algebra, oriented by three idempotents e, e′1 and e
′
2.
Moreover, let C = eRe, A1 = e1Re1 and A1 = e2Re2 be as in Denition 1.2.2.
There exists a long exat sequene of yli homology groups :
· · · // HC1(C) // HC1(A1)⊕HC1(A2) // HC1(R) //
// HC0(C) // HC0(A1)⊕HC0(A2) // HC0(R) // 0
Proof. The maps fn and gn of Corollary 3.3.4 ommute with b, b′, t and N
in (3.3), so they extend to a short exat sequene of relative biomplexes
(3.4) 0 // C˜CEC (C)
f•
// C˜CE1(A1)⊕ C˜CE2(A2)
g•
// C˜CE(R)
// 0
The result then follows from Proposition 3.3.2. 
In Theorem 2.2.3 and Theorem 3.3.5, we have obtained long exat sequenes
of Hohshild homology groups and yli homology groups. A deep inspetion of
the natural morphisms involved in these sequenes, as well as in Connes' long exat
sequene yields the following result, whose veriation is left to the reader.
Theorem 3.3.6. Let R be an algebra, oriented by three idempotents e, e′1 and e
′
2.
Moreover, let C = eRe, A1 = e1Re1 and A1 = e2Re2 be as in Denition 1.2.2.
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There exists a ommutative diagram
.
.
.

.
.
.

.
.
.

.
.
.

· · · // Hn(R)

// HCn(R)

// HCn−2(R)

// Hn−1(R)

// · · ·
· · · // Hn−1(C)

// HCn−1(C)

// HCn−3(C)

// Hn−2(C)

// · · ·
· · · //
Hn−1(A1)
⊕
Hn−1(A2)

//
HCn−1(A1)
⊕
HCn−1(A2)

//
HCn−3(A1)
⊕
HCn−3(A2)

//
Hn−2(A1)
⊕
Hn−2(A2)

// · · ·
· · · // Hn−1(R)

// HCn−1(R)

// HCn−3(R)

// Hn−2(R)

// · · ·
.
.
.
.
.
.
.
.
.
.
.
.
in whih the rows and olumns are exat.
We nish this setion by showing that dual results hold for yli ohomology
groups. Let R be an algebra and S be a separable subalgebra. We have seen (in
our disussion before Proposition 3.3.2) that the anonial projetion π : CC(R)→
C˜CS(R) is a morphism of biomplexes whih is a quasi-isomorphism when restrited
to the olumns. Beause D = Homk(−, k) is exat, the dual morphism D(π) :
D(C˜CS(R)) → D(CC(R) has the same property. Thus the map indued by D(π)
on the total omplexes is a quasi-isomorphism. We get the following.
Proposition 3.3.7. Let R be an algebra and S be a separable subalgebra of R.
Then HCn(R) ≃ Hn(TotD(C˜CS(R))).
As a onsequene, to obtain a long exat sequene on yli homology groups, it
sues to onstrut a short exat sequene of the duals of the relative biomplexes
(for S = E). But suh a sequene exists by (3.4) and the fat that D is exat. We
have shown the following theorem.
Theorem 3.3.8. Let R be an algebra, oriented by three idempotents e, e′1 and e
′
2.
Moreover, let C = eRe, A1 = e1Re1 and A1 = e2Re2 be as in Denition 1.2.2.
There exists a long exat sequene of yli ohomology groups:
0 // HC0(R) // HC0(A1)⊕HC
0(A2) // HC
0(C) //
// HC1(R) // HC1(A1)⊕HC
1(A2) // HC
1(C) // · · ·
Here again, the long exat sequenes obtained in Theorem 2.3.2 and Theorem
3.3.8 embed with the ohomologial Connes' exat sequene, so that we get the
following result, whose veriation is left to the reader.
Theorem 3.3.9. Let R be an algebra, oriented by three idempotents e, e′1 and e
′
2.
Moreover, let C = eRe, A1 = e1Re1 and A1 = e2Re2 be as in Denition 1.2.2.
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There exists a ommutative diagram
.
.
.

.
.
.

.
.
.

.
.
.

· · · // Hn(R,D(R))

// HCn−1(R)

// HCn+1(R)

// Hn+1(R,D(R))

// · · ·
· · · //
Hn(A1,D(A1))
⊕
Hn(A2,D(A2))

//
HCn−1(A1)
⊕
HCn−1(A2)

//
HCn+1(A1)
⊕
HCn+1(A2)

//
Hn+1(A1, D(A1))
⊕
Hn+1(A2, D(A2))

// · · ·
· · · // Hn(C,D(C))

// HCn−1(C)

// HCn+1(C)

// Hn+1(C,D(C))

// · · ·
· · · // Hn+1(R,D(R))

// HCn(R)

// HCn+2(R)

// Hn+2(R,D(R))

// · · ·
.
.
.
.
.
.
.
.
.
.
.
.
in whih the rows and olumns are exat.
4. Simpliial (o)homology and fundamental group
In this setion we onsider algebras of the form R = kQR/IR. More preisely we
study the simpliial (o)homology groups of R (in ase they admit semi-normed ba-
sis) as well as the fundamental group π1(QR, IR). As before, we show the existene
of Mayer-Vietoris long exat sequene relating the simpliial (o)homology groups.
Then we prove that under some additional assumptions, it is possible to express
the fundamental group of (QR, IR) in terms of those of (QC , IC), (QA1 , IA1) and
(QA2 , IA2). We further apply this result to the omputation of the rst Hohshild
ohomology group of some shurian oriented algebras.
We stress here that the validity of one of the onditions (1.2)-(1.4) is not ne-
essary in the sequel, and so the results ontained in this setion apply for a slightly
more general family of algebras, that is those satisfying (possibly only) ondition
(1.1), for instane the algebra of Examples 1.2.1 (b). Nevertheless, we will not
make any distintion and we will keep going with the expression "oriented alge-
bras". Also, all algebras onsidered in this setion are bound quiver algebras, that
is of the form kQ/I for some bound quiver (Q, I) (see Setions 1.1 and 2.4 for more
details).
4.1. Simpliial (o)homology. Given an algebraR = kQ/I and a pair (x, y)
of verties of Q, let yBx be a basis of the k-spae εxRεy and B =
⋃
(x,y)∈Q0×Q0 y
Bx.
We say that B is a semi-normed basis [21℄ if:
(a) εx ∈ xBx for every vertex x ∈ Q0;
(b) α+ I ∈ yBx for every arrow α : x→ y;
() For σ and σ′ in B, either σσ′ = 0 or there exists 0 6= λσ,σ′ ∈ k, and
b(σ, σ′) ∈ B suh that σσ′ = λσ,σ′b(σ, σ
′).
Assume R = kQR/IR admits a semi-normed basis. Following [22, 21℄, one
an assoiate to R the hain omplex (SC•(R), d) as follows: SC0(R) and SC1(R)
are the free abelian groups with basis Q0 and B, respetively. For n ≥ 2, let
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SCn(R) be the free abelian group with basis the set of n-tuples (σ1, σ2, . . . , σn)
of Bn suh that σ1σ2 · · ·σn 6= 0, and σi 6= ej for all i, j ∈ Q0. The dierential
dn : SCn(R)→ SCn−1(R) is dened on the basis elements by the rules d1(σ) = y−x
for σ ∈ yBx and
dn(σ1, σ2, . . . , σn) = (σ2, . . . , σn)
+
n−1∑
j=1
(−1)j(σ1, . . . , b(σj , σj+1), . . . , σn)
+ (−1)n(σ1, . . . , σn−1)
for n ≥ 1 and (σ1, σ2, . . . , σn) ∈ SCn(R).
The nth simpliial homology group of R (with respet to the basis B)
is the nth homology group of the hain omplex (SC•(R), d•), and we denote it
by SHn(R). Given an abelian group G, the nth-simpliial ohomology group
SHn(R,G) of R with oeients in G is the nth ohomology group of the omplex
obtained by applying the funtor HomZ(−, G) on the hain omplex (SC•(R), d•).
Observe that the above hain omplexes depend essentially on the way B is
related to I. Hene, as for fundamental groups (see Setion 4.2), dierent presen-
tations of R may lead to dierent simpliial (o)homology groups. See [5, (5.2)℄ for
an example.
If R is oriented by e, e′1 and e
′
2 with B1 and B2 semi-normed bases of A1 and
A2, respetively, then BR = B1 ∪B2 and BC = B1 ∩B2 are semi-normed bases of R
and C, respetively. This leads to the following results.
Proposition 4.1.1. Let R be oriented by e, e′1 and e
′
2. Moreover, assume that
A1 and A2 admit semi-normed basis. Then there exists a long exat sequene of
simpliial homology groups:
· · · // SHn(C) // SHn(A1)⊕ SHn(A2) // SHn(R) // SHn−1(C) // · · ·
Proof. By the above disussion, R and C admit semi-normed bases. For
i ≥ 0, dene
pi : SCi(A1)⊕ SCi(A2) // SCi(R)
((β1, . . . , βi), (γ1, . . . , γi))
 // (β1, . . . , βi)− (γ1, . . . , γi)
The map p• is a morphism of omplexes. Moreover, let α = (α1, . . . , αi) be a
generator of SCi(R). Sine e
′
1Re
′
2 = e
′
2Re
′
1 = 0, then, for eah j, we have αj ∈ B1
or αj ∈ B2. Consequently, α ∈ SCi(A1) or α ∈ SCi(A2), whene pi is surjetive.
Moreover, the kernel of pi is exatly SCi(C). We obtain a short exat sequene of
omplexes
(4.1) 0 // SC•(C) // SC•(A1)⊕ SC•(A2) // SC•(R) // 0
from whih we dedue the result. 
Proposition 4.1.2. Let R be oriented by e, e′1 and e
′
2. Moreover, assume that A1
and A2 admit semi-normed basis. Then, for eah abelian group G, there exists a
long exat sequene of simpliial ohomology groups:
· · · // SHn(R,G) // SHn(A1, G)⊕ SH
n(A2, G) // SH
n(C,G) // SHn+1(R,G) // · · ·
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Proof. Sine SCi(R) is a free abelian group for all i, the sequene (4.1) splits
and so the short sequene of omplexes obtained by applying HomZ(−, G) to the
sequene (4.1) is exat. 
4.2. Fundamental group. Let (Q, I) be a bound quiver. Reall from [22℄
that, given two verties x, y ∈ Q0, a relation ρ =
∑n
i=1 λiωi ∈ I ∩ kQ(x, y) is alled
minimal provided n ≥ 2 and
∑
i∈J λiωi /∈ I∩kQ(x, y) for every proper subset J of
{1, 2, . . . , n}. Let Q′1 be the union of Q1 with the set of inverse arrows α
−1 : y → x
for eah arrow α : x → y in Q1, a walk in (Q0, Q1) is a path in (Q0, Q
′
1). The
homotopy relation in the set of walks on Q is the smallest equivalene relation
suh that:
(a) For eah arrow α : x→ y ∈ Q1, αα
−1 ∼ ǫx and α
−1α ∼ ǫy;
(b) If
∑n
i=1 λiωi is a minimal relation, then ωj ∼ ωk for all 1 ≤ j, k ≤ n;
() If u, v, w, w′ are walks suh that w ∼ w′, then uwv ∼ uw′v, whenever
these ompositions are dened.
A minimal relation ρ is fundamental if there does not exist a nontrivial path
u and a minimal relation ω suh that ρ = ωu or ρ = uω. One an see that the
above homotopy relation does not hange if we replae the ondition (b) by
(b') If
∑n
i=1 λiωi is a fundamental minimal relation, then ωj ∼ ωk for all
1 ≤ j, k ≤ n.
When dealing with homotopy, it is thus suient to onsider only the funda-
mental minimal relations. Here, we give examples of fundamental minimal relations.
Example 4.2.1. Let Q be the quiver
2α1
||xx
xx
6δ1
||xx
xx
1 4
β1bbFFFF
β2||x
xx
x 5
γ
oo 8
ε1bbFFFF
ε2||xx
xx
3
α2
bbFFFF
7
δ2
bbFFFF
bound by the relations β1α1 − β2α2 = ε1δ1 − ε2δ2 = δ1γβ1 = δ2γβ2 = 0. The
minimal fundamental relations are β1α1−β2α2 and ε1δ1− ε2δ2, while the relations
γ(β1α1 − β2α2) and (ε1δ1 − ε2δ2)γ are minimal but not fundamental.
For a xed vertex x ∈ Q0, let π1(Q, x) be the fundamental group of the under-
lying graph of Q at the vertex x, that is the set of homotopy lasses of losed walks
on Q starting and ending at x. It is well-known (see [25℄, for instane) that π1(Q, x)
is isomorphi to the free multipliative nonabelian group on χ(Q) = |Q1|− |Q0|+1
generators. Now, let N(Q, I, x) be the normal subgroup of π1(Q, x) generated by
the elements of the form wuv−1w−1 where w is a path starting at x and u, v are
two homotopi paths. The fundamental group at x of the bound quiver (Q, I) is
dened to be π1(Q, I, x) = π1(Q)/N(Q, I, x). If Q is onneted, this denition does
not depend on the hoie of x. Aordingly, we write π1(Q, I) = π1(Q)/N(Q, I),
and all it the fundamental group of the bound quiver (Q, I). Similarly, we write
π1(Q) instead of π1(Q, x).
On other hand, following [5℄, to a bound quiver (Q, I), we assoiate a CW
omplex B(Q, I) (alled its lassifying spae) in the following way: the 0-ells are
given by Q0 and the n-ells are given by n-tuples (σ1, . . . , σn) of homotopy lasses
of nontrivial paths of (Q, I) suh that the omposition σ1σ2 · · ·σn is a path of (Q, I)
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not in I. Then, by [5, (3.3)℄, there is an isomorphism of groups
(4.2) π1(Q, I) ≃ π1(B(Q, I))
We shall use this fat, together with Van Kampen's theorem, in the following
proof.
Proposition 4.2.2. Let R = kQR/IR be a bound quiver algebra, oriented by three
idempotents e, e′1 and e
′
2. Moreover, assume that C = kQC/IC , A1 = kQA1/I1 and
A2 = kQA2/I2 and that, for eah fundamental minimal relation ω on (QR, IR), all
the paths ourring in ω are either ontained in QC or ontain no arrows from QC .
Let QC =
∐m
j=1QCj with eah QCj onneted, and set ICj = IR ∩ kQCj . Then,
π1(QR, IR) ≃
π1(QA1 , IA1)
∐
π1(QA2 , IA2)
∐
Lm−1∐m
j=1 π1(QCj , ICj )
where
∐
denotes the free produt of groups and Lm−1 is the free group in m − 1
generators.
Proof. Let n1, n2, nR, n and nj be the number of verties in QA1 , QA2 , QR, QC
and QCj respetively. In partiular, nR = n1 + n2 − n. Let TCj be a maximal tree
in QCj , TC be the disjoint union of the TCj and for i ∈ {1, 2}, let Ti be a maximal
tree in QAi suh that T1 ∩ T2 = TC . Suh maximal trees always exist. In addition,
|(TC)1| =
∑m
j=1 |(TCj )1| =
∑m
j=1(nj − 1) = n−m. For i = 1, 2, set
QˆAi = QAi
∐
TC
Tk with k 6= i and Iˆi = IR ∩ kQˆAi .
Observe that QR = QˆA1
∐
QC
QˆA2 . In addition, |(QˆA1)0| = nR and
|(QˆA1)1| = |(QA1)1|+ |(T2)1| − |(TC)1| = |(QA1)1|+ (n2 − 1)− (n−m)
and a similar expression holds for |(QˆA2)1|. So, π1(QˆAi) is the free group in χ(QˆAi)
generators, where χ(QˆAi) = χ(QAi)+ (m− 1). Then, π1(QˆAi) ≃ π1(QAi)
∐
Lm−1.
Moreover, by our assumption on the fundamental minimal relations, we have an
inlusion of groups ιi : π1(QˆAi , Iˆi)→ π1(QR, IR). Also, the restrition to (QAi , Ii)
of the homotopy relation on (QˆAi , Iˆi) oinides with the homotopy relation on
(QAi , Ii). Thus Iˆi = Ii + Ji for some monomial ideal Ji and
π1(QˆAi , Iˆi) ≃ π1(QˆAi)/N(QˆAi , Iˆi)
≃ (π1(QAi)
∐
Lm−1)/N(QˆAi , Iˆi)
≃ [π1(QAi)/N(QAi , Ii)]
∐
Lm−1
≃ π1(QAi , Ii)
∐
Lm−1.
Now set Q = QˆA1 ∩ QˆA2 and I = kQ ∩ IR. We have
χ(Q) = (|(T1)1|+ |(T2)1| − 2|(TC)1|+ |(QC)1|)− nR + 1
= |(QC)1| − (n−m) + (m− 1)
= (
m∑
j=1
χ(QCj)) + (m− 1).
and so π1(Q) = (
∐m
j=1 π1(QCj))
∐
Lm−1. Moreover, by our assumption on the
fundamental minimal relations, we have an inlusion of groups κi : π1(Q, I) →
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π1(QˆAi , Iˆi) and I = IC + JI for some monomial ideal JI . So, π1(Q, I) = Lm−1
∐
(
∐m
j=1 π1(QCj , ICj )).
The next step is to use Van Kampen's theorem for bound quivers. For the
sake of this, let Bˆ1, Bˆ2, BR and B be the lassifying spaes of (QˆA1 , Iˆ1), (QˆA2 , Iˆ2),
(QR, IR), (Q, I), respetively. Then, BR = Bˆ1 ∪ Bˆ2 and B = Bˆ1 ∩ Bˆ2, where B
is onneted. Applying Van Kampen's theorem (see [25℄) and the isomorphism of
fundamental groups (4.2), we have
π1(QR, IR) ≃ π1(BR)
≃
π1(B1)
∐
π1(B2)
π1(B)
≃
π1(QˆA1 , Iˆ1)
∐
π1(QˆA2 , Iˆ2)
π1(Q, I)
≃
(π1(QA1 , I1)
∐
Lm−1)
∐
(π1(QA2 , I2)
∐
Lm−1)
(
∐m
j=1 π1(QCj , ICj ))
∐
Lm−1
≃
π1(QA1 , I1)
∐
π1(QA2 , I2)
∐
Lm−1∐m
j=1 π1(QCj , ICj )

We note that the main tool used in this proof is that the restrition of the
homotopy relation on (QR, IR) to (QC , IC) oinides with the homotopy relation on
(QC , IC). This proof may thus learly be generalized to this more general ontext.
The above formula allows to ompute the fundamental group of several oriented
algebras, but it does not inlude all oriented algebras. The following examples
illustrate this point.
Examples 4.2.3.
(a) Let R be the algebra given by the bound quiver of Example 4.2.1. Let
e, e′1 and e
′
2 be the sums of the primitive idempotents orresponding to
the sets of verties {4, 5}, {1, 2, 3} and {6, 7, 8} respetively. Clearly R is
oriented by e, e′1 and e
′
2. Moreover, R satises to the onditions of Propo-
sition 4.2.2. Sine straightforward omputations show that π1(QC , IC),
π1(QA1 , I1) and π1(QA2 , I2) are trivial, so is π1(QR, IR) by Proposition
4.2.2.
(b) Let R be the algebra given by the quiver
1
α1
// 3
γ

β

2
α2
oo
4
bound by the relations αi(β − γ), for i = 1, 2. Let e, e
′
1 and e
′
2 be the
sums of the primitive idempotents orresponding to the sets of verties
{3, 4}, {1} and {2} respetively. Clearly R is oriented by e, e′1 and e
′
2.
However, R does not satisfy the onditions of Proposition 4.2.2 beause
the fundamental minimal relations αi(β − γ) ontain arrows from A
′
i and
C. Moreover, π1(QR, IR), π1(QA1 , I1) and π1(QA2 , I2) are trivial, while
π1(QC , IC) ≃ Z. So the formula of Proposition 4.2.2 does not hold.
We end this setion with an appliation of the above result to the omputation
of the rst Hohshild ohomology group for some shurian oriented algebras (see
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Examples 2.4.1 (a)). Reall that if A = kQ/I is a shurian algebra, then H1(A) ≃
Hom(π1(Q, I), k
+) by [10, 1℄, where k+ is the (abelian) additive group of k and
the homomorphisms are group homomorphisms. This leads to the following result:
Proposition 4.2.4. Assume R is oriented by e, e′1 and e
′
2 and satises to the
onditions of Proposition 4.2.2. If R is shurian and
∐m
i=1 π1(QCi , ICi) is trivial,
then H1(R) ≃ H1(A1)⊕H
1(A2)⊕ k
m−1
.
Proof. Sine R is shurian, then so are A1, A2 and C. Therefore
H1(R) ≃ Hom(π1(QR, IR), k
+)
≃ Hom(π1(QA1 , IA1)∐ π1(QA2 , IA2) ∐ Lm−1, k
+)
≃ Hom(π1(QA1 , I1), k
+)⊕Hom(π1(QA2 , I2), k
+)⊕ km−1
≃ H1(A1)⊕H
1(A2)⊕ k
m−1

Example 4.2.5. Let R be the algebra of Examples 1.2.1 (b). Theorem 2.3.2
annot be used to ompute the Hohshild ohomology groups of R. However, R is
shurian and learly satises (1.1) and the onditions of Proposition 4.2.2 sine C
is semisimple. Thus H1(R) ≃ H1(A1)⊕H
1(A2)⊕ k ≃ k by Proposition 4.2.4.
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